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Abstract. We study smooth complex projective varieties X of maximal Albanese dimen- 
sion and of general type satisfying x(X, &x) = 0. We prove that the Albanese variety of X 
has at least three simple factors. Examples were constructed by Ein and Lazarsfeld, and we 
prove that in dimension 3, these examples are (up to abelian etale covers) the only ones. By 
results of Ueno, another source of examples is provided by varieties X of maximal Albanese 
dimension and of general type satisfying h'^{X,Kx) — 1- Examples were constructed by 
Chen and Hacon, and again, we prove that in dimension 3, these examples are (up to abelian 
etale covers) the only ones. We also formulate a conjecture on the general structure of these 
varieties in all dimensions. 



1. Introduction 

A smooth complex projective variety X is said to have maximal Albanese dimension if 
its Albanese mapping X — )■ Alb(X) is generically finite (onto its image). 

Green and Lazarsfeld showed in |GLj that such a variety satisfies xi^^^x) > 0. Ein 
and Lazarsfeld later constructed in [ELj a smooth projective threefold X of maximal Albanese 
dimension and of general type with x(A, wx) = (see Examples 14. II and 14. 2p . 

We are interested here in describing the structure of varieties X of maximal Albanese 
dimension (and of general type) with x(A, cjx) = 0. This class of varieties is stable by 
modifications, etale covers, and products with any other variety of maximal Albanese di- 
mension (and of general type). More generally, if A is a smooth projective variety of maxi- 
mal Albanese dimension with a fibration whose general fiber F satisfies x{F,ujf) = 0, then 
xiX,ux) = ([HP], Proposition 2.5). 

So we study smooth projective varieties X of general type with x(A, cux) = and 
a generically finite morphism A — )■ A to an abelian variety. In ^ we prove a general 
structure theorem (Theorem 13. ip which implies among other things that A has at least three 
simple factors. Examples where A is the product of any three given non-zero factors can be 
constructed following Ein and Lazarsfeld, and we speculate that their construction should 
(more or less) describe all cases where A has three simple factors but, although we prove 
several results in §5] in this direction (Propositions 14. 3^ 14. 5^ and 14. 7p and arrive at the rather 
rigid picture (jSj), we are only able to get a complete description when X has dimension 
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3: we prove that a smooth projective threefold X of maximal Albanese dimension and of 
general type satisfies x{^,^x) = if o-nd only if it has an abelian etale cover which is an 
Ein-Lazarsfeld threefold (Theorem 15. ip . 

Another source of examples is provided by varieties X of maximal Albanese dimension 
and h^{X,cox) = 1: it follows from work of Ueno ([U]) that they satisfy xi^^^x) = 0. 
Chen and Hacon constructed examples of general type (see Example 14. 2p . We gather some 
properties of these varieties in ^ However, this class of examples is not stable under etale 
covers and does not lend itself well to our methods of study, except in dimension 3, where 
the precise Theorem 15.11 allows us to give a complete description of all smooth projective 
threefolds X of maximal Albanese dimension and of general type, such that Pi{X) = 1: they 
are all modifications of abelian etale covers of Chen-Hacon threefolds (Theorem 16. 3p . 

In ^ we propose a conjecture on the possible general structure of smooth projective 
varieties X of maximal Albanese dimension and of general type satisfying x(X, wx) = 0. It 
seems difficult to give a complete classification, but based on the examples that we know, we 
conjecture that, after taking modifications and etale covers, there should exists a non-trivial 
fibration X Y which is either isotrivial, or whose general fiber F satisfies x{F,u}f) = 0. 
For the converse, one does have xi^^^x) = in the second case by [HP], Proposition 2.5, 
but not necessarily in the first case, of course. Both cases do happen (Example 17. 2p . 

We work over the field of complex numbers. 
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2. Notation and preliminaries 

For any smooth projective variety X, we set X = Pic''(X). For ^ G X, we will denote 
by an algebraically trivial line bundle on X that represents C,- 

Following standard terminology, we will say that a morphism / : X — )■ A to an abelian 
variety A is minimal if the induced group morphism f : A ^ X is injective. Equivalently, 
f{X) generates A as an algebraic group and / factors through no non-trivial abelian etale 
covers of A. The Albanese mapping ax has this property. Any f : X A factors as 

f -.X ^ A' ^ A, where A' is an abelian variety and /' is minimal. 

An algebraic fibration (or simply a fibration) is a surjective morphism between normal 
projective varieties, with connected fibers. 

In the rest of this section, X will be a smooth projective variety, of dimension n, with 
a generically finite morphism / : X — )■ A to an abelian variety A. In particular, X has 
maximal Albanese dimension. 
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2.1. Cohomological loci. For each integer we define the cohomological loci 

ViiuxJ) = {^eA\H'{X,ux^rP^)j^O} 

If y is a smooth projective variety and e : F -» X is birational, we have We^uy = for 
j > and e^ojY — <^x ( |K2j . Theorem 2.1), hence xi^^^x) = xO^^^y) and Vi{ux,f) = 
Vi{uY, f ° s) for all i. In particular, these loci do not change when X is replaced with Y. 

2.1.1. Since f^^ux = for j > 0, we have for all i 

Vi{oox, f) = V.if.oox) := {e e ^ I H\A, f^oox ® ^ 0}. 

2.1.2. Each irreducible component of Vi{ux, f) is an abelian subvariety of A of codimension 
> i ( |EL] . Remark 1.6 and Theorem 1.2) translated by a torsion point ( [Si] ) . 

2.1.3. There is a chain of inclusions ([EL], Lemma 1.8) 

Ker(/) = V^icox, f) C /) C ■ ■ ■ C Vo{ux, f) C A, 

and codim(V^(cJx5 /)) > n. 

2.1.4. If ^0(^X5 /) has a component of codimension i, this component is contained in (hence 
is an irreducible component of) Vi{cox, f) ([EL], (1-10)), so that we have i < n and f{X) is 
fibered by i-dimensional abelian subvarieties of A ([EL], Theorem 3). 

2.1.5. For ^ G A general, xiX,ujx) = h^{X,ux ® f*P^) > (use EH and 

x{X,cox) = ^ Vo{uxJ)j^A 

<^=^ Vo{uJx, f) has a component of codimension i 

for some 2 G {1, . . . , n — 1} 
=^ Vi{uJx, /) has a component of codimension i 

for some i G {1, . . . , n — 1}, 

where the last implication is not always an equivalence. 

2.1.6. The variety X is of general type if and only if Vo{ux, /) generates A ( |CHlj . Theorem 
2.3). 

2.1.7. If Vo(ci;x;/) is finite, Ein and Lazarsfeld proved that X is birational to an abelian 
variety ( [CHlj . Theorem 1.3.2). In particular, if / is moreover minimal, it is a birational 
isomorphism. 
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2.2. Composing / with a generically finite morphism. If Y is smooth projective and 
/i : y -» X is surjective and generically finite, the trace map h^,UY ojx splits the natural 
inclusion ujx h^Uy, hence if*(X, ® /*-P^) injects into H^{X, h^Uy® f*P^) for all ^ € A. 
Thus, using also I2.1.H we obtain 

V,{UJX, f) C V,{Kujy, f) = V,{ujy, f O h) . 

Morover, 

(1) x{Y,iOy)>x{X,uJx). 
When h is etale, we have 

x{Y,ujy) = deg{h)x{X,uJx). 
Finally, when h is obtained from an isogeny rj : B ^ A a.s in the cartesian diagram 

Y = X XaB ^ B 



h 



V 



X—^A 

we have Vi{uy,g) = rfiVi^cox, f))- Combining this with 12.1.^ we see that after making a 
suitable etale base change, we can always make all the components of Vi{ux, f) pass through 
0. 



3. Components of Vi of codimension i 

Let X be a smooth projective variety with a generically finite morphism f:X^Ato 
an abelian variety If wx) = 0, it follows from 12.131 that Vi{ux, /) has a component of 
codimension i for some i G {1, . . . ,n — 1}. We prove a structure theorem under this weaker 
assumption. 

Theorem 3.1. Let X be a smooth projective variety of dimension n, let A be an abelian 
variety, and let f : X A be a minimal generically finite morphism. Assume that for some 
i E {0, . . . ,n}, the locus Vi{ux, f) has a component V of codimension i in A. Let B be the 
abelian variety V, let K := Kei^A -» and assume f{X) + K = f{X). For a suitable 
modification X' of an abelian etale cover of X, the Stein factorization of the morphism 
X' ^ A ^ B induces a surjective morphism X' ^ Y where Y is smooth of dimension n — i, 
of general type, with wy) > 0. 

Remark 3.2. The condition /(X) + K = /(X) holds: 

• when / is surjective; 

• when V is also a component of Vq{(jJx, f) ([EL], proof of Theorem 3); this applies in 
particular when x(X, wx) = fl2.1.5l) . 

Proof of Theorem \3.1[ By fl2.1.2p and §2.21 we may assume, after isogeny, that A = B x K 
and V = B. Let p : A ^ B he the projection. Considering the Stein factorization of 
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7r=pof: X^B, and replacing X by a suitable modification, we may assume that vr 
factors as 

n : X A B, 

where Y is smooth, h is generically finite, and g is surjective with connected fibers. Since 
/(X) + K = /(X), the image of vr has dimension dim(X) — dim(i^), hence general fibers of 
g have dimension dim(i^) = i. 

We then have R^g^ux — ojy ( |K2] . Proposition 7.6). Moreover, the sheaves R^g^^ujx on 
Y satisfy the generic vanishing theorem ([HP], Theorem 2.2), hence 

Vj{R^g^ujx, h)^B for all j > and all k. 

For all 

ee5- U V,{R^g,ujxM. 

j>0, k 

we have 

H^{Y, R^g^ux ® h*P^) = for all j > and all k. 
Hence, by the Leray spectral sequence, we obtain 

h\X, ux ® f*P^) = h\X, ux ® vr*P5) = h%Y, R'g.ux ® h*Pi:) = h%Y, uy h*Pi:) 

and these numbers are non-zero because B = V C Vi{ux, /)• In particular, Vo{uy, h) = B. 
By 12.1.61 and 12.1.51 Y is of general type and wy) > 0. This completes the proof. □ 

We prove a partial converse to Theorem 13.11 assume that there is a generically finite 
morphism f : X ^ A and a quotient abelian variety A ^ B such that /(X) + K = /(X), 
where K := Ker(A -» B)^, and denote by X --^ Y ^ B a modification of the Stein 
factorization of X — )■ A -» 5, where Y is smooth of dimension n — i (we set i := dim(i^)). 

Proposition 3.3. In this situation, if Y is not birational to an abelian variety, Vj{ux,f) 
has a component of codimension j for some j G {z, . . . , n — 1}. 

Proof. Replacing X with a modification of an etale cover (which is allowed by §2. H and §2.2p . 
we may assume that we have a factorization 

/ : X ^ YxK^BxK, 

where {g, k) is surjective and h : Y ^ B is generically finite of degree > 1. We obtain, as in 
the proof of Theorem 13.11 for ^ general in B, 

(2) h\X, Ux ® f*P^) = h\Y, R'g.ux ® h*P^) = h\Y, uy ® h*P^). 

If xO^i^y) > 0, we have Vo{uY,h) = B, the number on the right-hand-side of ([2]) is 
non-zero for all ^, hence Vi{u)x, f) contains the i-codimensional abelian subvariety B of A. 

If x{Y,ujy) = 0, since Y is not birational to an abehan variety, Vq{ujy, h) has (by 12.1.71 
and I2.1.5P a component of codimension / G {l,...,n — z — 1} in 5. Thus, by Remark 13.21 
we can apply Theorem 13.11 to h : Y ^ B: after taking an etale cover and a modification, 
h factors through a morphism Y ^ Z x C , where C is an abelian variety of dimension /, 
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x{Z,LOz) > 0, and dim(Z) = n — i — I. We are therefore reduced to the first case and we 
conclude again that Vi+i{ujXi f) contains an {i + /)-codimensional component. □ 

Remark 3.4. Under the hypotheses of Theorem 13.11 and the assumption A = B x K made 

in its proof, we obtain a surjective morphism k: X—^BxK^K and, from its Stein 
factorization, morphisms 

I m 

k : X ^ Z ^ K, 

where Z is smooth of dimension i, m is generically finite, and I has connected (generically 
(n — i)- dimensional) fibers. We have again ~ uz and, for ^ general in K, 

hJ'-^X.ux® f*Pi) = h\Z,ojz®m*P^). 

Then, 

a) either Vo{uz,'m) C K and u;^) = 0; 

b) or Vo{(jJz^Tn) = K and x{Z,ijJz) > 0, in which case K is contained in (hence is a 
component of) Vn~i{oox, /)• There is a surjective generically finite map X Y x Z , 
hence xi^^^x) > xO^^'^y)x{Z,ujz) > (this also follows from Corollary I3.5[ a) 
below). 

Finally, if F is a general fiber of I : X ^ Z, there is a surjective generically finite map 
F ^Y, hence x{P,^f) > (see ([I])). 

We now deduce some consequences of Theorem 13.11 on the possible components of 
Vo{uJx, /) and the number of simple factors of the abelian variety A. 

Corollary 3.5. Let X be a smooth projective variety with x{X,ujx) = and a generically 
finite morphism f : X A to an abelian variety. 

a) The locus Vo(co'x?/) does not have complementary components^ 

b) If X is in addition of general type, A has at least three simple factors. 

Proof. If Vo(ci;x5 /) has complementary components Vi, . . . ,Vr, with duals . . . , Bj., the 
image f{X) is stable by translation by Ylj^a Pj ^'^^ ed.ch i (Remark 13. 2p . hence / is surjective 
if r > 2. We obtain from Theorem l3.lt after passing to an etale cover and a modification of 
X, a generically finite surjective map X ^ Yi x ■ ■ ■ x Y^, with xO^i, wyj > for all i. Since 
x{X,ux) > Hi x(^«> '^^^J (by dlD), this is absurd. This proves a). Item b) then follows from 
[2X61 □ 

Proposition 3.6. Let X be a smooth projective variety of general type, with x{X,u)x) = 
and a generically finite morphism f : X ^ A to an abelian variety. Then Vo(wx;/) has no 
1-dimensional components. 

Proof. Assume Vq{ujx, f) has a one- dimensional component and write it as ri + Bi for some 
torsion point ri G A and some quotient elliptic curve A ^ Bi. By [J], Proposition 1.7, 
and since Vo{ujx, f) generates A fl2.1.6p . Bi cannot be maximal for inclusion: more precisely, 

""^By that, we mean components such that the sum morphism induces an isogeny from their product onto 

A. 
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there must exist two maximal components (in the sense of [J], Definition 1.6) T2 + B2 and 
Ts + B3 of Vo{ux,f) with Bi Bj C. A for each j G {2,3} and B2 7^ -B3. There are 
corresponding factorizations A ^ Bj Bi. 

As in the proof of Theorem 13.11 after passing to an etale cover and a modification of 
X, we may assume ti = r2 = Ts = and that we have 

• Stein factorizations 

X^Y,% B,, 

where hi, h2, and /13 are generically finite, Yi, Y2, and Kj are smooth, Yi is a curve 
of genus > 2, and x(X2,<^Y2) and x(y3,i^y3) are both positive (Theorem 13. ip . 

• a commutative diagram 




We may further assume that the induced morphism X Y2 Xy^^Y^ factors as: 




where e is a resolution of singularities. 

Now take ^2 G B2 and ^3 G ^3. By [M], Lemma 4.10.(ii)|l there is an inclusion 

g^wy/Yi ® £*ihlP(^2 (g) hlP^^)) C /i2i*(^y2/Yi ® /i2-P6) ® ^3i*(wy3/yi ® ^s-Pfo), 

of locally free sheaves of the same rank on the curve Yi. Moreover, we saw during the proof 
of Theorem 13.11 that for j G {2, 3}, we have 

It follows that the sheaf hji^{(jjy^®h*P^.) is non-zero, hence so is the sheaf hji^{(jjy-iy^®h*P^.). 
All in all, we have obtained that the locally free sheaf g*(a;y/y-^®e*(/i2-P6®^3-^C3)) non-zero. 

Assume now that ^2 and ^3 are torsion. By [Vj, Corollary 3.6j^ this vector bundle is 
nef, hence has non-negative degree. Since Yi is a curve of genus > 2, the Riemann-Roch 

^This is stated in [M] for 1^2 = ^^3 = 0, but the same proof works in general. 

^This is stated there for ^2 — i?, =0, but the general case follows by the etale covering trick. 
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theorem then imphes 

+ h\Y,, q,{uy ® e*{h;P^, ® h;P^,))) = h\Y, COY ® e*{h;p^, ® h;p^,)). 

Finally, note that both X and Y have maximal Albanese dimensions. This implies that 
ux/Y is effective, hence h'^{X,ijJx ® f*{P^2 ® P^a)) is also non-zero. It follows that ,^2 + ^3 
is in Vo{uJx,f)^ which therefore contains B2 + -B3. This contradicts the fact that B2 is 
maximal. □ 



4. Case when A has three simple factors 



Ein and Lazarsfeld constructed an example of a smooth projective threefold X of 
maximal Albanese dimension and of general type with x(^5 ^x) = 0, whose Albanese variety 
is the product of three elliptic curves. After presenting their construction (and a variant due 
to Chen and Hacon), we prove some general results when Alb(X) has three simple factors. 
In the next section, we will show that the Ein-Lazarsfeld example is essentially the only one 
in dimension 3 (Theorem 15. ip . 

Example 4.1 ([EL], Example 1.13). Let Ei, E2, and be elliptic curves and let pj : Cj 
Ej be double coverings, where Cj is a smooth curve of genus > 2 and pj^^uc^ — Ge, © 
Denote by ij the corresponding involution of Cj. Let A = i^i x ii^2 x -E's, and consider the 
quotient Z of Ci x (^2 x C3 by the involution 61 x ^2 x '•s and the tower of Galois covers: 

X ^2 X C3 ^ Z ^ A 

of degrees 2 and 4 respectively. Observe that Z has rational singularities and is minimal of 
general type. Let e : X -» Z be any desingularization. The Albanese map of X is ax = /o£^ 
and 

ax*wx "^Ga® {Li ® L2) © (L3 © Li) © (L2 © L3), 
where Lj is the inverse image of 6j by the projection A ^ Ej, hence 

(3) Voicox, ax) = V,{ux, ax) = {E, x E2 x {0}) U {E, x {0} x ^3) U ({0} x ^2 x ^3), 

whereas V2{ujx,ax) = V3{ujx,ax) = {0}. 

This provides three-dimensional examples. Obviously, the same construction works 
starting from double coverings pj : Xj Aj of abelian varieties with smooth ample branch 
loci and provides examples in all dimensions > 3. One can also extend it to any odd number 
2r -|- 1 of factors and get examples where the Albanese mapping is birationally a (Z/2Z)^''- 
covering. 

Example 4.2 ([CH2J, §4, Example). A variant of the construction above was given by Chen 
and Hacon. Keeping the same notation, choose points C,j G Ej of order 2 and consider the 
induced double etale covers Cj, with associated involution aj, and E'j Ej. The 

involution Lj on Cj pulls back to an involution l'j on Cj (with quotient E'j). Let Z' be 
the quotient of C[ x C'2 x C3 by the group of automorphisms generated by idi xcr2 x tg, 
l[ X id2 XCT3, 0"! X t'2 X ids, and ai x a2 x a^, and let e' : X' ^ Z' be a desingularization. 
There is a morphism f : X' ^ A of degree 4, the Albanese map of X' is ax' = f ° s', and 

(4) ax'^cox' - © {Li © 4 © P53) © {L\ © P^, © L3) © (P^, © L2 © 4), 
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where L| = Lj P^.. In particular, Pi(X') = 1, and 

Vo{ux', ax') = Vi{ux', ax') = {0} U {E^ x x {^3}) U {E^ x {^2} x E^) U ({^i} x E2 x E3). 

Of course, the etale cover E[x E2X E'^ ^ EiX E2X E3 pulls back to an etale cover X" — )■ X', 
where X" is an Ein-Lazarsfeld threefold. 

Again, this construction still works starting from double coverings of abelian varieties 
with smooth ample branch loci, providing examples in all dimensions > 3, and for any odd 
number 2r + 1 of factors, providing examples where the Albanese mapping is birationally a 
(Z/2Z)2'--covering. 

Proposition 4.3. Let X be a smooth projective variety of general type with <^x) = 
and a generically finite morphism f : X ^ A to an abelian variety A with exactly three 
simple factors Ai, A2, A3. 

a) The map f is surjective. 

b) After passing to an abelian etale cover, we may assume A = Ai x A2 x A^ and that 
Ai X A2 X {0}, Ai X {0} X A-i, and {0} x x ^3 are irreducible components of 
VoicoxJ). 

Proof. We begin with the proof of item b). As in the proof of Theorem 13. ![ we may assume, 
after passing to an abelian etale cover, that A is Ai x A2 x A3 and, by Corollary 13. 5[ a) and 
I2.1.6[ that Ai X A2 X {0} and Ai x {0} x A3 are irreducible components of Vo{ux, /)• 

Assume that the projection Vq{ux, f) A2 x ^3 is not surjective. For ^2 and ^3 
general torsion points in A2 and A^ respectively, we then have 

{^2 + ^3 + Ai)nVo{coxJ) = 0. 

Consider the morphism /i = pi o / : X — )■ Ai and the sheaf S' = fu{ux ® /l-P^ ® /s-^Ca) 
on Ai. By [HPJ, Theorem 2.2, the cohomological loci of <f satisfy the chain of inclusions 
[2X31 On the other hand, for all ^ E A, we have if°(v4i,t? (g) P^) = 0, hence Vo{(S') = 0. 
It follows that for all ^ G Ai and all i > 0, we have H^{Ai,S' (g) P^) = 0. This implies 
<f = by Fourier-Mukai duality ( |Mu] ) . But the rank of <S' is at least where Fi 

is a component of a general fiber of /i ( |HP] . Corollary 2.3) and this is impossible: Fi is of 
general type and generically finite over A2 x A3, hence xi^i^^Fi) > (Corollary 13.51 b)). 

The projection VQ{ux,f) ^ A2 x A3 is therefore surjective. Since Ai is simple, this 
implies that, after passing to a (split) etale cover of A, there are morphisms U2 : A2 — )■ Ai 
and M3 : A3 — )• Ai such that 

{^2(6) + ^3(6) + 6 + 6 I 6 e A2, 6 e A3} 

is a component of Vo(a;x,/)- Composing this cover with the automorphism (01,02,03) 1— )■ 
(oi, 02 — U2{ai), 03 — ^3(01)) of A, we obtain b). 

Item a) then follows from the fact that f{X) is stable by translation by each Aj (Remark 
13. 2p hence is equal to A. □ 
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Remark 4.4. As shown by considering the product with a curve of genus > 2 of any variety 
X of general type and maximal Albanese dimension with wx) = 0, the conclusion of 
Proposition 14.31 a) does not hold in general as soon as A has at least four simple factors. 

Proposition 4.5. Let X be a smooth projective variety of general type of dimension n with 
x{X,uJx) = and a generically finite morphism X ^ A to an abelian variety A with exactly 
three simple factors. We have: 

a) qiX) = n; 

b) the general fiber F of any non-constant fibration X Y satisfies xi^y ^f) > 0; 

c) any morphism from X to a curve of genus > 2 is constant; 

d) Vn-i{uJx,ax) = {0}. 

Proof. Let us prove b) first. The fiber F is of general type and is generically finite but not 
surjective over A, hence xi^y^p) > by Proposition I4.3[ a). The other items then follow 
from the lemma below. □ 

Lemma 4.6. Let X be a smooth projective variety of dimension n, of maximal Albanese 
dimension, of general type, with cjx) = 0. Assume that the general fiber F of any 
non- constant fibration X ^Y satisfies x{F,ujf) > 0. Then, 

a) the Albanese mapping ax is surjective (q{X) = n); 

b) any morphism from X to a curve of genus > 2 is constant; 

c) Vn-i{uJx,ax) = {0}. 

Proof. Item a) follows from |CH2] . Theorem 4.2, and item b) from [HP] . Theorem 2.4. Let 
us prove c). 

If Vn-i{ujx,cix)-{0} is non-empty, it contains a torsion point by I2.1.2[ which defines 
a connected etale cover vr : X -» X such that q{X) > q{X) = n. By |CH2] . Theorem 
4.2, again, there exists a non-constant fibration X Y with general fiber F of maximal 
Albanese dimension, of general type, with cjp) = 0, such that ajj(F) is a translate of 
a fixed abelian subvariety K of Alb(X) and dim(ii') = dim(F) < dim(X). We consider 
the image K oi K hy the induced map Alb(7r) : Alb(X) -» Alb(X) and the commutative 
diagram: 



a 



■xU(F) 



F 



^ 7t{F) 



^ K + xp 



f 



X 



TT 



^ X 




Alb(X) 



Y 



Alh{X)/K. 



The map a^|^(i?) is generically finite, hence dim(i^) = dim7r(F) = dim(F), and 

dim(Alb(X)/ir) = n- dim(K) =n- dim(F). 
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It follows that '/r(F) is a general fiber of the Stein factorization of h. Since x(7r(F), (^^(i?)) = 0, 
this contradicts our hypothesis on X. □ 

Assume now that we are in the situation of Proposition I4.3[ b) and consider, as in 
Remark 13 ■4[ the maps fi := pi o f : X Ai. Since xi^i^x) = 0, we are in case a) of that 
remark, hence, with the notation therefrom, VoluzjTn) must be finite, because Ai is simple. 
If / is minimal, so is and it follows from [21X771 that Z is birational to Ai, hence fi is a 
fibration. A general fiber Fi satisfies x{Fi,UFi) > by Proposition 14. 51 b). 

Proposition 4.7. Let X be a smooth projective variety of general type with wx) = 
and a minimal generically finite morphism f : X ^ A to an abelian variety A product of 
three simple factors Ai, A^, and A3. 

Let {i,j, k} = {1, 2, 3}. For and general torsion points in Aj and A^ respectively, 
the sheaf fi^{ijJx<S>fjP^j^f^P(J on Ai is locally free, homogeneous, of positive rank x{,Fi, LOPi) ■ 

Proof. We follow the proof of [CH2 j. Corollary 2.3. As in the proof of Proposition 14. 3[ since 
and are torsion, the cohomological loci of := fi*{uJx ® fjP^j ® fk-^ik) satisfy the 
chain of inclusions 12.1.31 On the other hand, since and are general and Ai is simple, 
the intersection 

{ij+ik + Ai)r\Vo{uJxJ) 

is finite by 12.1.21 hence so is Vq{S'). It follows that all Vi{S) are finite, hence S is locally free 
and homogeneous ( [Muj , Example 3.2). Its rank is h^{Fi,UFi ® fjP^j ® fk^ik) = x{Pi,^Fi)- 

b 

Remark 4.8. Recall that a homogeneous vector bundle is a direct sum of twists of unipotent 
vector bundles (successive extensions of trivial line bundles) by algebraically trivial line 
bundles which, in our case, are torsion by Simpson's theorem (or rather its extension |HPj . 
Theorem 2.2.b)). 

When Ai is an elliptic curve, the sheaf of Proposition 14.71 is actually a direct sum of 
torsion line bundles (this is explained at the bottom of page 362 of |K3] when = ^k = 
and holds in general by the etale covering trick). 

Finally, from the proof of Theorem 13. H we have (after replacing X with a suitable 
modification), for each {i,j,k} = {1,2,3}, Stein factorizations 

p,k of:X S, A^ X Ak, 

where Si is smooth of general type with x(S'j, cj^.) > (this follows also from Corollary 
13. 51 b)). Since fj has connected fibers, so does hij : Si -» Aj. 
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All in all, we have for each {i,j, k} = {1, 2, 3} a commutative diagram: 

(5) 





where all the morphisms are fibrations. 

Question 4.9. Are the h^j isotrivial? Are the fi isotrivial? Is X rationally dominated by a 
product Xi X ^2 X ^3, where Xi dominates and is generically finite over Aj? We are inclined 
to think that the answers to all these questions should be affirmative, but we were only able 
to go further in the case where the Ai are all elliptic curves. 

5. The 3-dimensional case 

We now come to our main result, which completely describes all smooth projective 
threefolds X of maximal Albanese dimension and of general type, with x(X, wx) = 0. 

Theorem 5.1. Let X be a smooth projective threefold of maximal Albanese dimension and 
of general type, with x{X,IjJx) = 0. 

There exist elliptic curves Ei, E2, and E^, double coverings Cj Ej with associated 
involutions tj, and a commutative diagram 

{Ci X C2 X Ca)/^! X i2 X i3 



X 



X 



□ 



where rj is an isogeny and e a desingularization. 



El X E2 X E3 

V 



Alb(X), 



In other words, up to abelian etale covers, the Ein-Lazarsfeld examples (Example I4.ip 
are the only ones (in dimension 3)! Note also that ax is not finite, but that it is finite on 
the canonical model of X. 

Corollary 5.2. Under the hypotheses of the theorem, the Albanese mapping of X is bira- 
tionally a {Z/2Zy -covering. 



Proof With the notation of Example l4?n we set A := EiX E2X E3 and X^ := Spec{i&A®L'^), 
so that / factors through the double coverings fi := Xi A. Since the action of KeT{7]) on 
A by translations lifts to X, it leaves 

© m ® L^) © m © Li) © m 
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invariant, hence also each V( . It follows that this action lifts to each Xj, hence fi descends 
to a double covering Xj Alb(X) through which ax factors. □ 

Proof of the theorem. By Proposition 14.51 a). ax is surjective and q{X) = 3 (see also |CH2] . 
Corollary 4.3). 

Moreover, by Corollary 13.51 b). Alb(X) is isogeneous to the product of three elliptic 
curves and, after passing to etale covers, we may assume that ax can be written as 

ax : X E1XE2X E3, 

where each f^: X ^ Ei is a fibration, and that E1XE2X {0}, Ei x {0} x E^, and {0} XE2XE3 
are irreducible components of Vo{ux,ax) (Proposition I4.3[ b)). 

Let {i,j,k} = {1,2,3}. As in ^ we have a commutative diagram (|5]), where each Si 
is a smooth minimal surface of general type and Ai = E^. The proof of the theorem is very 
long, so we will divide it in several steps. The general scheme of proof goes as follows: 

• In the diagram ([S]), the fibrations hij : Si Ej are all isotrivial (Step 1); we let Cij 
be a (constant) general fiber. 

• There exist finite groups Gi acting on Cij such that Cij/Gi ~ Ej and Cik/Gi ~ Ek, 
the surface Si is birational to {Cij x Cik)/Gi, and hij and hik are the two projections 
(Step 2). 

• At this point, it is quite easy to show that X dominates a threefold Y which is 
dominated by a product of 3 curves (Step 3). 

• Taking an etale cover of X, we may assume that all the irreducible components of 
Vo{ijJx,cix) pass through 0. We then show (Step 4) that Vo{ijJx,cix) has the same 
form as the corresponding locus of an Ein-Lazarsfeld threefold (see ([3])), from which 
we deduce that X is birationally isomorphic to Y (Step 5) hence is also dominated 
by a product of 3 curves. 

• Using the fact that Vo{ijJx,ax) has no "extra" components, we finish the proof by 
showing that the groups Gi all have order 2 (Step 6). 

Step 1. The fibrations hij : Si Ej are all isotrivial. 

We will denote by Cij a general (constant) fiber of hij. 

Proof. By the semi-stable reduction theorem ( |KKMS] . Chapter II), there exist a finite cover 
h : C ^ Ej, where C is a smooth curve and commutative diagrams (for each a G {i, k}) 




where Sa is a modification and the fibers of h^ are all reduced connected curves, with non- 
singular components crossing transversally. 
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We also make a modification t : X' ^ C x X such that there exists a commutative 
diagram of morphisms between smooth varieties: 




Let e Ea. By [Vj, Lemma 3.10 we have an inclusion 

of locally free sheaves on C. Since ha is flat with irreducible general fibers, S'^ X-c S'^ is 
irreducible, and we have a surjective morphism 



9ik 



: X' 



Moreover, hi and hk are semistable, hence by [AKj . Proposition 6.4, 5*^' S*^ has only 
rational Gorenstein singularities. After further modification of X', we may assume that g[i^ 
factors through a desingularization of 5*^ S'^^\ 



By definition of rational Gorenstein singularities, we have e^cjy^ =1^5 



s[ . Since ujx'/yi^ is 



effective, we obtain an inclusion 
of sheaves on Xc S'/.. Pushing forward these sheaves to C, we obtain 



-L are nef ([V], Corollary 3.6). On the other hand, for and general and torsion. 



hUujsuc®K,*p^j^hu^s'jc®K:p^^) c fi{ujx'/c®frPi.®f'k P^j 
(7) c h*uux®f:Pi.®rkP^j, 

where the second inclusion comes from (j6]). Let {a, (3} = {i,k}. Both sheaves ha*{cos' /c 

K;Pi ~ 

the sheaf in ([7]) has degree by Proposition 14.71 hence 

deg(/i„*(w5;/c ® Kp*P^p)) = 0- 

By [Klj . Corollary 10.15, both sheaves R^ha*{(^s'^/c ® h'^p*P^^) are torsion-free and 
generically 0, hence 00 On the other hand, we have R^ha*uJs'^/c = ( |K2] . Proposition 
7.6) hence, by the Grothendieck-Riemann-Roch theorem, 

[ch(/i,,(a;5;/c)) - ch(^c)] Td(C) = ch(/i,,(a;5^./c ® K^* P^)) Td(C) 



^This is proved there for = ^/c = 0, but the same proof works in general. 

^Note that up to this point, the proof works in the more general situation where ax is surjective and 
Alb(X) has a 1-dimensional simple factor E\. 
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in the ring of cycles modulo numerical equivalence on C. This implies dL.eg{ha*uJs'^/c) = 0, 
and ha is locally trivial (see e.g., |BP V] . Theorem III. 17.3). Hence haj is isotrivial (for each 
a e {i, k}). □ 



Step 2. There exist finite groups Gi acting on Cij such that Cij/Gi ~ Ej and Cik/Gi ~ Ek, 
the surface Si is birational to the quotient [Cij x Cik)/Gi for the diagonal action of Gi, and 
hij and hik are identified with the two projections. 

This is a consequence of the following (probably classical) result. 

Lemma 5.3. Let S be a smooth projective surface with an isotrivial fibration hi : S Ti 
onto an irrational curve with (constant) irrational general fiber Fi. 

a) There exist a smooth curve F2 and a finite group H acting faithfully on Fi and F2 
such that Ti is isomorphic to F2/H, the surface S is birationally isomorphic to the diagonal 
quotient {Fi x F2)/H, and hi is the composition S --^y^Fi x F2)/H -» F2/H ~ Fi. Let h2 
be the composition S --->(-Fi x F2)/H -» Fi/H . 

b) Assume S is of general type. Any isotrivial fibration h : S ^ T onto an irrational 
curve r is either hi or /i2 followed by an isomorphism between Fi/H or F2/H with T. 



Proof. Item a) is well-known and can be found in [S]. Let us prove b). Since F is irrational, 
h induces an isotrivial fibration h' : {Fi x F2)/H F. Let D2 be a general (constant 
irrational) fiber of h'. The quotient map vr : Fi x F2 -» {Fi x F2)/H is etale outside a finite 
set. Hence the Stein factorization g oi h' o n in the diagram 




is also isotrivial, with general fiber D2 a (fixed) etale cover of D2. By a), there is a base 
change D[ -» Di and a surjective morphism t = (^1,^2) : E)i x D'2 ^ Fi x F2. Since S is of 
general type, Fi and F2 are each of genus > 2, hence each ti must factor through one of the 
projections pj : D[ x D2 D'-. 

If h factors through neither hi nor h2, the curve D'2 dominates both Fi and F2, hence 
ti and t2 cannot factor through pi. Thus they must factor through p2, which contradicts the 
fact that t is surjective. □ 



Let now Yj be a resolution of singularities of the irreducible threefold Si x Sk and let 
F be a resolution of singularities of the component of Yi x E2y.E3 Si that dominates both Yi 
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and 13. After modification of X, we obtain a diagram 
(8) X » Y 



Yi Y3 

91s / \ 312 932 / \ 331 



S3 D S2 D Si 

i^l ^3 ^2, 

where the squares are birationally cartesian and the isotrivial morphisms hij : Si Ej fit 
into diagrams 

Cik X Cij >■ Cij 

I 

I /Gi P^] Id 

Step 3. The threefold Y is dominated by a product of three curves. 

The dominant maps C31 x C32 S3 and C21 x C23 --">■ S2 induce a factorization 

((P31,P2l),P32,P23) : (C3I XEi C21) X C32 X C23 --^ 5*3 X S2 Ei X E2 X E3. 

The (Stein factorization of the) morphism Yi E2 x E3 is therefore isotrivial (its fibers are 
dominated by the curve C31 x e-^ C'21). Thus, Y is dominated by the product 

(9) (C31 Xe, C21) X {C12 Xe^ C32) X (C23 XS3 C13) 

of three (possibily reducible) curves. 



Going back to the proof of Theorem 15.11 after passing to an etale cover, we may and 
will assume, from now on, that the following holds ( §2.2p : 

(10) All the irreducible components 0/ Vo(iX'x, Ox) po-ss through 0. 

One checks, using §2.H §2.2[ and Proposition I4.5[ d). that if we want X to be birationally 
covered by a product Fi x r2 x r3, with morphisms Fj -» ii^j, as in the conclusion of the 
theorem, we must have the following. 

Step 4. We have 

V^{ux, ax) = {El XE2X {0}) U {El x {0} x %) U ({0} x E2 x ^3). 

We already know that VQ{ujx,ax) contains the right-hand-side (Proposition 14.31 b)) and we 
must prove that it has no other components. 

Proof. Assume Vo(a;x,ax) has another component T. It has dimension 2 (Corollary 13. 51 a)) 
and, after possibly permuting the indices, we may assume the neutral component E[ of 
f n (El X E2 X {0}) is neither Ei x {0} x {0} nor {0} x E2 x {0}. This yields an elliptic 
curve E[ which is a quotient of Ei x E2 which does not factor through either projection. As 
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we saw right before Proposition \A.7\ the induced map f4:X^E[isa fibration. It factors 
as 

where, by Step 1, is isotriviaL By Lemma l5.3l b). h^^ must factor through one of the 
projections h^i : S3 ^ Ei or : S3 E2 so we reach a contradiction. □ 

Step 5. The morphism g : X ^ Y is hirational. 

Proof. Consider, in the diagram ([8]), the generically finite morphism f 1 : X -» Yi and the 
three fibrations : Yi E^, for a G {1,2,3}. Since X, Yi, and S3 are all of maximal 
Albanese dimensions, ujx/Yi and ujyi/Ss are effective, hence 

h%X,ux®a*^P^) > h\Yi,UY, 8) (/{,/2)*n) > h%S3,us, ® (/^ai, /i32)*P5) 

for all ^ G -El X £'2- Moreover, for ^ non-zero, we have by Proposition I4.5[ d) 

h'^{X, ojx ® a*xP^) = h?{X, ux ® a*xP^) = 

hence, since ^x) = 0, 

h°{X,LOx ® o*xPd = h^{X,uJx ® a*xP^). 

Finally, for ^ general in Ei x E2, we have, as in the proof of Theorem 13.11 since g3 : X —f^ S3 
has connected fibers, 

h\X,uJx®a*xPi:) = h\S3,uJs, ® (/^si, /i32)*Pc). 
Therefore, for ^ G Ei x E2 general, we obtain 

h^{X,ux^a*xPi) = h\Yi,UY, ® (/{,/2)*n)- 

The induced morphism Y Ei x E2 x E3 is the Albanese mapping of Y. Since in any event, 
we always have 

h%X,ux®a*^P^) > h%Y,UY®a*yP^) > h%Yi,UY, {f[JiyP^) 
for all ^ E El X E2, we obtain 

(11) h'^{X,ux(S)a*xP^) = h\Y,cuY(S)a*YPt:) 

for ^ general in Ei x E2, hence also, by Step 3, for ^ general in Vo{ujxt ax)- But for ^ ^ 
Vo{ux, dx), both sides of (ITT]) vanish. By Lemma EH below, we conclude that g is a birational 
morphism. □ 

The following lemma (used in the proof above) is in the spirit of |HP] . Theorem 3.1. 

g f 

Lemma 5.4. Let X ^ Y ^ A be generically finite morphisms between smooth projective 
threefolds, where A is an abelian threefold, such that f and fog are both minimal. Assume 
that X is of general type with x{^, <^x) = and that there exists an open subset U <^ A with 
codim^(y4- U) >2 such that 

h\X,ux ® g*f*Pi) = h\Y,UY ® f*Pi) 
for all ^ E U. Then g is birational. 
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Proof. By §2.2[ we can write g^:OJx — © and we need to show that the sheaf S' is zero. 
Since S' is torsion-free and / is generically finite, it is sufficient to prove = 0. 

As we saw at the beginning of ^ we have q{X) = 3, hence f o g is the Albanese 
mapping of X. By Proposition I4.5[ d) . for each i e {2, 3}, we then have {0} = Vi{ux, f °g) = 
Vi{g,ux,f), hence Vi{f.c^) C {0}. 

Since q{X) = 3, we also have q{Y) = 3, hence h^{Y, g^,ujx) = h^iY^uy)- It follows that 
Vi{f^(g) is empty. 

The assumption x(X, cjx) = implies wy) = by ([1]). Thus, 

Voif.S) = V^{f,S) C A- U. 

Since codim^(y4- U) > 1, the sheaf f^,(^ is therefore M-regular in the sense of |PPj . Definition 
2.1 (see also Remark 2.3), hence continuously globally generated ( |PPj . Definition 2.10 and 
Proposition 2.13). Since H^{A, f^^ ® P^) = for all J G f/, we obtain f^cg = 0. □ 

Let us summarize what we know. Let fc} = {1,2,3}. The curve Cij is the 
(constant) general fiber of the isotrivial fibration Si -» Ek\ it is acted on by a group Gi and 
dj/Gi ~ Ej (Step 2). The fibration g^ : X ^ Si is also isotrivial; as we saw in Step 3, 
its general fiber Ci is dominated by the curve Cji x Ei Cki but also maps onto Cji and Cki- 
Finally, a general fiber Fk of the isotrivial fibration f k : X ^ Ek is an isotrivial fibration over 
Cij with (constant) general fiber Cj. The situation is summarized in the following diagram: 

fiber Ci r, \ ^ik 



„ f fiber -.^ fh „ 

Fk^ > X » Ek 



9j 

c,f — s,. 



By Lemma 15.31 there exists a finite group Hk acting faithfully on Ci and Cj such that 
Cij ~ Cj/Hk, Cji ~ Ci/Hk, and Fk is isomorphic to the diagonal quotient (Cj x Cj)/Hk. 
Moreover, the maps to Cij and Cji are the natural projections. So we have diagrams 

(12) 




Let Di be the Galois closure of Ci over Ei and set G = Gal{Di/ Ei). Let {j, k} = {2, 3}. 
There is a normal subgroup Nj < G such that Gj = G/Nj and G acts on Cjk via this 
quotient. By Step 2, the surface Sj is birationally isomorphic to {Cji x Cjk)/Gj, hence to 
{Di X Cjk)/G. Therefore, the modification Yi of 5*2 x Ei S3 (see (jHD) is birationally isomorphic 

to (Di X C23 X C32)/G. 

Step 6. The group G is isomorphic to Z/2Z. 
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We begin with a lemma which is probably well-known. We denote by Irr(G') the set of 
isomorphism classes of irreducible representations of G. 

Lemma 5.5. Let E he an elliptic curve and let tt : D ^ E be a Galois cover with group G. 
We can write 

Xelrr(G) i 

where each vector bundle Y-^^i is semistable and G-invariant, and the representation of G on 
the general fiber of each Y^^i is a direct sum of x- Moreover, for each X 7^ 1; the dual vector 
bundle "V^^ is either ample or a direct sum of non-zero torsion line bundles. 

Proof. The groups G acts on tt^^^^d. Identifying each representation x with its character, we 
consider the endomorphism J2geG^(9)9 '^^ '^*^d and we denote by its image. We then 
have 

(13) vr,^B = 0r^, 

X 

where the general fiber of is a (nonzero) direct sum of x as a G-module. 
The Harder- Narasimhan filtration 

= r^^ c r^-^ c . . . c = 

is preserved by the G-action. Serre duality shows that since we are on an elliptic curve, 
all the corresponding extensions are trivial, hence 1^ is the direct sum of the G-invariant 
semistable bundles Y^^i = y^/^^'^^, for < i < ^. 

As a direct summand of tt^ud = (tt^,^/))'^, each vector bundle Y^^^ is nef (|V], Corollary 
3.6). Moreover, it is ample if it has positive degree. Consider the maximal degree-0 subsheaf 
^ of TT^^D, i-e., the direct sum of all y^^i that have degree 0. By |KPj . Lemma 3.2 and 
3.4, ^ is a G-invariant subalgebra and induces an etale cover of E, hence is a direct sum of 
torsion line bundles. □ 

Let us continue with the Galois cover n : D ^ E with group G as in the lemma and 
assume moreover that for each j G {2, 3}, we have a Galois cover iij : Dj Ej with Galois 
group Gj = G/Nj, where g{Dj) > 2 and Ej is an elliptic curve. 

Then G acts on Di x D2 x -D3 diagonally. Let Z be the quotient, let e : F -» Z be a 
resolution, and consider 

t:Y ^ Z ^ EiX E2X E^. 

Lemma 5.6. Assume 

VoiujY,t) C {El XE2X {0}) U (^1 X {0} X ^3) U ({0} X ^2 X E3) 
and V2{ujY,t) U 1/3(0;^,^) C {0}. Then N2 = N3 and G2 ~ G3 ~ Z/2Z. 

Proof. We decompose tt^^d as in (fT3|) and write similarly 

-^*^n,= 0r^,. 

At6lrr(Gj) i 
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Since quotient singularities are rational, we have as in Example 14.11 

Let be an non-trivial element of Irr(G'2). Since G2 is a quotient of G, the representation /z 
and its complex conjugate Jl are also in Irr(G). Then, the vector bundle 

^ := (r^^i m r^i m ^E^f 

on El X E2 X is a non-zero direct summand of both i^-^ Kl '^^^ ^ G^-i and t^^uy. 

Assume that 'f^x has degree 0, hence is a direct sum of non-trivial torsion line bundles. 

• If deg(l^\) = 0, the sheaf 5f is a direct sum of non-trivial torsion line bundles, which 
is impossible since V-^i^^ C V3(co'y,t) = {0}. 

• If 'y^x is ample, we can write 

k 

where is a direct summand of hence ample, and the are non-zero torsion 
points in £'2. This is again impossible, because V^i^) C V2(c<;y,t) = {0}. 

Therefore, '^■'^ is ample for all /i non-trivial in Irr(Gj). 

If Card(G2) > 2, or if 7^ A^s, "we may take non-trivial x ^ Iri'(G'), /i G Irr(G2), and 
V G Irr(G3) such that x is a subrepresentation of fi® u. The vector bundle 

^ := (r^^i K rj^)' K %^^f 

is then non-zero and a direct summand of t^fWy (and "f^^ and "^^^ are ample). 

If is ample, since ^ is a direct summand of K y^^J K -^^^i^, we have Kn(^) = 
for all m G {1,2,3}. Hence h^{Ei x E2 x E^,J^ ® P^) is a non-zero constant for all 
^ E El X E2 X E3 and Vo{J^) = Ei x E2 x E3, which contradicts our assumptions. 

If i^-^ is a direct sum of non-trivial torsion line bundles, we may write 

k 

where the are non-zero torsion points in Ei and is a direct summand of M 

y^i . Then Vo{J^), hence also Vo(wy,t), contains {—^1} x E2 x E^, which contradicts our 
assumptions. □ 

We now apply this second lemma to the Galois covers n : Di ^ Ei, 712 : C23 E2, 
and 713 : G32 -» E^. The variety Y of the lemma is the variety Yi of the proof, and since 
Vo{ujYi,t) C Vo{ux,a'x) (see §2.2p . the hypotheses of the lemma are satisfied (Step 4). 

We obtain N2 = N3, hence the coverings Cji Ei and Cki Ei are the same (see 
(|T2l) ). and also G/Nj ~ Z/2Z, so that they are double covers. Denote them by C'^ Ei. 
By the proof of Step 3 (see ([2])), X is birational to (GJ xG^x G^)/(Z/2Z). Since the latter 
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variety contains no rational curves, there is a birational morphism from X to it. This finishes 
the proof of Theorem 15.11 □ 

6. Varieties with Pi = 1 

It follows from [U] and 12.1.51 that varieties X of maximal Albanese dimension and 
Pi{X) = 1 satisfy xi^^^x) = 0. We presented in Example 14.21 a construction of Chen and 
Hacon of such a variety which is in addition of general type. We gather here some properties 
of these varieties (most of them taken from [U]). 

Proposition 6.1. Let X be a smooth projective variety of maximal Albanese dimension n, 
with Pi{X) = 1. 

a) We have an isomorphism 

a*j,: /\H\A,nA)^H'^{X,n-x). 

In particular, h^{X,i^x) = (") for all j , hence x(X, wx) = 0, and the Albanese 
mapping ax '■ X ^ Alb(X) is surjective. 

b) The point is isolated in Voluxjax)- 

Proof. Replacing X with a modification, we may assume that there is a factorization ax '■ 
X Z ^ Alb(X), where Z is a desingularization of ax{X), so that Pi{Z) < Pi{X) = 1. It 
follows from [UJ (or [Mj, Corollary (3.5)) that ax{X) is a translate of an abelian subvariety 
of Alb(X), hence ax is surjective. Item a) then follows from another result of Ueno (iHj, or 
[M], Corollary (3.4)). 

By §2.21 we can write ax*uJx — ua ® — G a © ^ ■ The sheaf S then satisfies 
Vi{S)-{^} = Vi{ux,ax)-{0} for all i. Since 1 = Pi{X) = 1 + h°{A,(^), the point is not 
in the closed set Vo(<f), hence is isolated in Vo{ux,ax)- This proves b). □ 

Remark 6.2. Regarding item b), to be more precise, a smooth projective variety X of 
maximal Albanese dimension satisfies Pi{X) = 1 if and only ifO is isolated in ^(cjxjflx)- 

Theorem 6.3. Let X be a smooth projective threefold of maximal Albanese dimension and 
of general type. If Pi{X) = 1, the variety X is a modification of an abelian etale cover of a 
Chen-Hacon threefold. 

It is then very easy to describe all smooth projective threefolds X of maximal Albanese 
dimension and of general type, with Pi{X) = 1. Start from a Chen-Hacon threefold Y as in 
Example 14. 2[ with Albanese mapping ay '■ Y ^ Ei x E2 x E^. It satisfies 

VoiuY, ay) = {0} U {El XE2X {^3}) U (El X {^2} x E3) U ({^i} x E2 x E3), 

where each G Ej has order 2. Take an isogeny A Ei x E2 x E3 corresponding to a 
(finite) subgroup of Ei x E2 x E^ which contains none of the points ^i,^2;^3- Finally, take 
for X a modification of F XE1XE2XE3 ^- 
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Proof of the theorem. Replacing ax with it Stein factorization, we will assume that X is 
normal and ax is finite. By Theorem 15. there exist elliptic curves Ei, E2, and E^, double 
coverings pi : Ci ^ E^, with involution tj, and a commutative diagram 



Ci X C2 X a 



X 



X 



(P1,P2,P3) 




» El X E2 X E3 



ax 



Alb(X), 



where 77 is an isogeny (the variety X is the variety Z of Example 14.11) and both ax and 
are (Z/2Z)^-Galois coverings. In particular, X has rational singularities. 

We denote by K the (finite) kernel of 77 and by Ki the image of the projection K — )■ Ei, 
so that is a subgroup of K := Ki x K2 x K^. The elliptic curve Fi := Ei/Ki embeds in 
Alb(X); let TTj : Alb(X) Ai be the quotient. The natural morphism /ij : X -» is an 
isotrivial fibration and we denote by Di its general (constant) fiber. Now we consider the 
square restricted to fibers: 



C, 



2:1 



^E, 



etale 



4:1 



etale 



where ti is a (Z/2Z)^-cover. Since Di x p.Ei is disconnected and factors as CjUCj Ci Ei, 
there is a non-zero 2-torsion point ^i G Fi such that G Ker(t*) fl Ker(A*), the morphism ti 

Si 

factors as Di ^ D'i ^ Fi, where Sj is a double etale cover, and Ci ~ Xj?. Ei. It follows 
that the group Ki acts on Ci, and the involution Li and the i^j-action commute. Therefore, 
K acts on Ci x C2 x C3 and this action commutes with the involution [ti, L2, 63). It follows 
that K acts on X and the Albanese mapping aj^ is if-equivariant. Set Y := X/K. 

Lemma 6.4. The quotient morphism X ^ Y is etale and factors as X -» X -» F. The 

variety Y has maximal Albanese dimension, is of general type, Pi{Y) = 1, and its Albanese 
variety is Fi x F2 x F^. 

Proof. We have a cartesian diagram 



(14) 



X 



El X E2 X E3 



Y 



ay 



IK 



Fl X F2 X F3. 



Since the rightmost quotient morphism is etale, so is the leftmost quotient morphism. Since 
the top morphism is the Albanese mapping of X, the bottom morphism is the Albanese 
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mapping of Y. Furthermore, since A' is a subgroup of K, the leftmost quotient morphism 
factors as X ^ X ^ Y. Therefore, Pi{Y) = 1. □ 

We now claim that y is a Chen-Hacon threefold. By Theorem 15.11 (or the diagram 
( !T^ ). ay is a (Z/2Z)^-Galois covering and by [PJ, we can write 

xe{z/2Z)2* 

or equivalently, since Y has rational singularities, 

(15) 

where L^-^^, L^^, and L^^ are line bundles on Fi x F2 x F3. Moreover, by [P], Theorem 
2.1, we have the following "building data": there are effective divisors Di, D21 and on 
Fi X F2 X F3 satisfying: 

L^^ + L^^ ~iin + Dk and Lj^ Dj + 

for any {i, j. A;} = {1, 2, 3}. These data pull back to the analogous building data on X, hence 
\*Di is the pull-back on Ei x E2 x of the branch divisor Aj ~iin 2Si of p,. It follows that 
there exists an ample line bundle 6^ on Fi which pulls back to 6i on Ei and such that Di is 
also the pull-back on Fi x F2 x F3 of a divisor ~iin 26^ on Fj. Let be the pull-back on 
Fi X F2 X F3 of Because of the relations L^. ~iin -Dj + 1)^5 we can write 

where G Fj, j G Ej, and .^j^fc ^ -^'/c are 2-torsion points. From (1151) and the fact that 
Pi(Y) = 1, we deduce H^{Ei, L^-) = 0, hence each has order 2 and is in the kernel of Aj. 
From the relations L^- + L^. ~iin L^^ + Dk, we deduce 

6,fc + ^j,k = and + = ^k,j- 

Since A*^i = 0, we may always change L[ to L[ ® P^^, so we may assume ^3^1 = and 
similarly, ,^12 = and ^2,3 = 0. The ^FixF2xF3 algebra ay^i^y is then the algebra associated 
to a Chen-Hacon threefold (see (jl])). We conclude that F is a Chen-Hacon threefold. □ 

7. A CONJECTURE 

As mentioned in the introduction, we end this article with a conjecture on the possible 
general structure of smooth projective varieties X of maximal Albanese dimension, of general 
type, with x{X,uJx) = 0. 

Conjecture. Let X be a smooth projective variety of maximal Albanese dimension, of general 
type, with x(X, wx) = 0. Then there exist a smooth projective variety X' , a morphism 
X' ^ X which is a composition of modifications and abelian etale covers, and a fibration 
g : X' ^ Y with general fiber F, such that < dim(y) < dim(X) and 

a) either g is isotrivial; 

b) or x(F, Up) = 0. 
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Remarks 7.1. 1) Conversely, in the situation b) above, x(X, wx) = ([HP], Proposition 
2.5). Moreover, Alb(X) has at least 4 simple factors by Corollary 13.51 b) and Proposition 
14. 51 b). Of course, in case a), without further constraints, one might have xi^y'^x) > 0, 
but we were unable to find necessary and sufficient conditions on the isotorivial fibration g 
(assuming X does not fall into case b)) to ensure xi^^'^x) = 0. 

3) If we are not in case b), it follows from Lemma that if X' X is any composition 
of modifications and abelian etale covers, we have q{X') = dim(X) and any morphism from 
X' to a curve of genus > 2 is constant. 

The Ein-Lazarsfeld example (Example 14. ip falls into case a) of the conjecture, and not 
into case b) by Remark 17. Il l) above. We present an example that falls into case b), but not 
into case a). It is basically a non-isotrivial fibration whose general fibers are Ein-Lazarsfeld 
threefolds. 

Example 7.2. Consider a smooth projective curve C of genus > 2, elliptic curves Ei, E2, 
and E3, and smooth double coverings S'j -» C x Ej ramified along ample divisors. Denote 
by Lj the corresponding involution of Sj. We may moreover assume that the fibrations 
fj : Sj ^ C are all semistable and not isotrivial. 

The fourfold T := Si Xc S2 y<c S3 has only rational Gorenstein singularities, and so 
does its quotient Z by the involution ti x 62 x '•s- Let e : X -» Z be a desingularization. We 
have a diagram 

2:1 

CxEi 

The variety X is of general type and has maximal Albanese dimension because C x Ei x 
E2 X E3 does. A general fiber of the fibration X ^ C is one of the examples constructed in 
Example 14. H hence xi^^^x) = by [HPJ, Proposition 2.5, and X falls into case b) of the 
conjecture. One can prove that it does not fall into case a). 
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